Abstract. We collect some statements regarding equivalence of the parities of various class numbers and signature ranks of units in prime power cyclotomic fields. We correct some misstatements in the literature regarding these parities by providing an example of a prime cyclotomic field where the signature rank of the units and the signature rank of the circular units are not equal.
Introduction
Let p be a prime and n ≥ 1 a fixed integer (with n ≥ 2 if p = 2). Let ζ p n denote a primitive p n -th root of unity, K = Q(ζ p n ) the corresponding cyclotomic field of p n -th roots of unity, and K + = Q(ζ p n + ζ −1 p n ) the maximal totally real subfield of K. Denote by Cl(K) the class group of K, by Cl(K + ) the class group of K + , and by Cl st (K + ) the strict (or narrow) class group of K + .
Let E denote the group of real units of K, i.e., the units of the maximal real subfield K + (the group of units of K is then ζ p n × E), and let E + denote the totally positive units of K + (or, by abuse, of K).
Let C denote the subgroup of circular (or cyclotomic) units of E (see [26, Lemma 8 .1]), whose finite index in E is the class number |Cl(K + )| ( [26, Theorem 8.2] ). Let C + denote the subgroup of totally positive circular units (so C + = C ∩ E + ).
The Galois group Gal(K/K + ) is generated by complex conjugation, which, following Iwasawa, will be denoted by J. Let Cl − (K), the minus part of the class group, denote the kernel of 1 + J acting on Cl(K). Similarly, let Cl + (K) denote the kernel of 1 − J acting on Cl(K). By class field theory, the class number of K + , | Cl(K + )|, divides the class number of K and the norm map from Cl(K) to Cl(K + ) is surjective, with kernel Cl Equivalencies for the parity of the orders of the various class groups and relations with signature ranks are known and due to various authors, some beginning as far back as the late 1800's with Kummer and Weber, with the first systematic study perhaps due to Hasse ([13] ). These equivalencies are summarized in the following proposition. For the convenience of the reader, concise proofs for these equivalencies are given later. (5) do not imply the conditions (b1)-(b3)).
The purpose of this Note is, in addition to collecting the equivalencies of the proposition above in one place, to show (in the following section) that the units in the maximal real subfield of the cyclotomic field of 163rd roots of unity realize all possible signatures but the class number of Q(ζ 163 ) is even, as is the relative class number "h − 163 ". Hence for K = Q(ζ 163 ), the equivalent conditions (b1)-(b3) in (5) are satisfied, but the remaining statements in Proposition 1 are not, which shows that the equivalent conditions (a1)-(a3) in (5) cannot be dropped (so in particular the equivalent conditions (b1)-(b3) in (5) do not imply the conditions (a1)- (a3)). This provides a counterexample to the assertion that the circular units can be replaced by the full group of real units in equivalence (6) of Proposition 1, an error that has appeared and propagated in the literature.
In [7] the authors state that a classical result of Kummer is that every totally positive unit of Q(ζ p + ζ −1 p ) is a square whenever the class number of Q(ζ p ) is odd (which is part of the implication (1) implies (5) above), but go on to assert that "as a result of Shimura" (for which they cite [22] ) "this is now extended to every totally positive unit of Q(ζ p + ζ It should be noted that Shimura makes no claim as asserted, in fact stating only that the converse holds (in a more general setting of imaginary abelian fields of prime power conductor) under the additional assumption that the class number of Q(ζ p + ζ , where the authors assert that the "Taussky conjecture" is that "every totally positive unit of Q(ζ q + ζ −1 q ) is a square" in the case that both q and p = (q − 1)/2 are primes, stating explicitly that this is equivalent to the oddness of the class number of Q(ζ q ) (citing [7] for the equivalence). The correct conjecture (which as noted by Stevenhagen [23] appears explicitly in print only in the Ph.D. dissertation and subsequent paper of Taussky's student Davis ([4, p. 4], [5] ) without attribution to Tausskybut note Davis references [24] ) is that "every totally positive circular unit of Q(ζ q + ζ −1 q ) is the square of a circular unit when q and p = (q − 1)/2 are both primes". The terminology "Taussky's conjecture" in [17] is apparently drawn from the discussion in their reference [8] , so either [7] and [8] could be the source of the confusion regarding the correct conjecture. Since F + /k + is totally ramified, it follows that the class number of F + is divisible by 4 (and equal to 4 under the GRH, as noted above). Then the class number of F , which is the product of the class number of F + with the relative class number of F , is divisible by 16 (with precise 2-power divisor equal to 16 under the GRH).
(with both equal to 4 under the GRH), the power of 2 in the relative class number of F is 4 and the class number of F is divisible by 16 (with precise 2-power divisor equal to 16 under the GRH
It remains to show that the units of F + have all possible signatures, as this also shows the class number and strict class number of F + are the same. The units of F + contain the subgroup ε 1 , ε 2 , C generated by the units of k + together with the circular units of F + . Adding the signatures of ε 1 and ε 2 as elements of F + (which are easily computed since α is a trace) to the signature matrix for C computed as in [4] produces a matrix of full rank 81, so the full group of units of F + also has maximal signature rank, completing the proof.
Remark. If the class number of F
163 ) is indeed equal to 4 as expected, then the index of the circular units in the units of F + is 4. Since the computation of the rank of the group of signatures shows C has index 4 in ε 1 , ε 2 , C , it would follow that ε 1 , ε 2 , C is the full group of units of F + .
Remark. The cyclic subfield k = k + ( √ −163) of degree 6 contained in F has class group Cl(k) isomorphic to (Z/2Z) 4 ([18, 6.0.115063617043.1]. The class group of k + is isomorphic to (Z/2Z) 2 with the cyclic group Gal(k + /Q) of order 3 acting by its unique irreducible 2-dimensional representation over F 2 (the finite field of order 2). Also, Cl(k)/ Cl − (k) ≃ Cl(k) 1+J , which by class field theory is isomorphic to Cl(k + ) ≃(Z/2Z) 2 . It follows that Cl(k) − (which is the same as Cl(k) + since Cl(k) has exponent 2) is isomorphic to (Z/2Z) 2 . This implies that Cl(k) is isomorphic as a Galois module to the direct sum of two copies of the (unique) irreducible 2-dimensional representation of the cyclic group Gal(k + /Q) of order 3 over F 2 , where J acts by interchanging the two copies. Then composing the Hilbert class field of k with F = Q(ζ 163 ) shows (under the assumption of the GRH) that the Sylow 2-subgroup of Cl(F ) is isomorphic as a Galois module to the direct sum of two copies of the (unique) irreducible 2-dimensional representation of the cyclic group Gal(F + /Q) of order 81 over F 2 , where J acts by interchanging the two copies.
Proofs of the parity equivalences
Before giving some concise proofs for the equivalencies in Proposition 1 we state a variant of a theorem of Iwasawa [15] Proof. Note first it suffices to prove the result when [L : F ] = 2. Composing the strict Hilbert class field of F with L gives an extension of the same degree over L that is unramified at finite primes, so if 2 divides the strict class number of F then 2 divides the strict class number of L. Conversely, the strict Hilbert class field H st of L is Galois over F , as is the subfield, H ′ , fixed by 2 Gal(H st /L), and H ′ is an elementary abelian 2-extension of L. Because 2-groups acting on 2-groups necessarily have fixed points, there is a subfield of H ′ which is an abelian extension of F of degree 4 containing L as a subfield. Taking the fixed field of the inertia group for the unique ramified finite prime in this latter extension gives a quadratic extension of F unramified at all finite primes, so if 2 divides the strict class number of L then 2 divides the strict class number of F .
Proof of Proposition 1. Equivalence of (1), (2) and (3) . To see these are equivalent to (a3), note first that E and C are both isomorphic to Z/2Z × Z ϕ(p n )/2−1 as abelian groups, so the groups E/E 2 and C/C 2 have the same order (= 2 ϕ(p n )/2 ). This together with the isomorphism CE 2 /E 2 ≃ C/C ∩ E 2 implies that |E/CE 2 | = [E : [6, §2] ) shows both that (b1) is equivalent to (b2) and that (4) and (5) (in the version (a1) and (b2)) are equivalent.
The two statements in (6) 
